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1 Introduction 



It is a well established fact that in a weakly coupled renormalizable theory, the high-energy behavior 
of scattering amplitudes should not violate unitarity under perturbative calculations [1,2]. In the 
standard model (SM), an upper limit on the Higgs boson mass of about a TeV has been inferred 
based on unitarity in the gauge boson {V) scattering process VV — )■ VV [3,4]. Prior to the discovery 
of the Z boson, it was shown, from the unitarity in the high energy scattering of various types that 
the coupling of the Z boson to the SM fermions must be unique [5]. Perturbative unitarity has 
also proved to be a useful guide for studying beyond the SM physics, often in a model-independent 
fashion. 

A charged gauge bosons, W, arises in a variety of extensions of the SM. It is present in theoretical 
frameworks such as left-right symmetric models - as the right-handed parity partner of the W 
gauge boson [6] , in Kaluza-Klein theories of extra dimensions - as the excitation of the W [7, 8] , 
in little Higgs theories - as the gauge bosons of the extended symmetry [9], and in several other 
well-motivated extensions of the SM. With the running of the Large Hadron Collider (LHC), W 
models have drawn renewed interest [10] as it is on the list of particles subject to direct searches. 
Furthermore, recently there have been new phenomenological motivations for having a light charged 
gauge boson. A W boson with mass below a TeV and coupling to top and down quarks has been 
introduced as one of the leading explanations [11-14] for the anomalous top-quark forward-backward 
asymmetry observed at the Tevaron [15, 16]. There are also proposals in the literature which utilize 
a light W with a mass of order 150 GeV to explain the W plus dijet event excess [17] observed by 
the CDF collaboration [18]. 

In this paper we study the theoretical and phenomenological constraints on W models assuming 
that it is the remnant of spontaneous symmetry breaking through the Higgs mechanism. We take a 
model-independent approach in the sense that the mass of W and its coupling to SM fermions are 
the only input information that will be used. We study the implication of perturbative unitarity 
on this setup from two body scattering of fermions into gauge boson final states. Throughout this 
paper, we consider weakly coupled theories, since we focus on the weak interaction sector where 
there is no evidence for strong dynamics. Violation of perturbative unitarity in low-energy effective 
theory does not necessarily imply inconsistency in a strongly coupled theory, but would rather 
indicate appearance of resonances or other such non-perturbative objects. 

Our main conclusion is that generically a Z' gauge boson should also be present along with the 
W in a consistent theory. Unitarity of the theory fixes the couplings of the Z' to SM gauge bosons 
and fermions, and implies an upper bound on its mass. We derive general formulas that relate the 
various couplings and masses and apply them to specific models with purely left-handed or purely 
right-handed W couplings to the fermions. In the class of W models that have been suggested 
for ti asymmetry, a light (sub-TeV) W has been postulated with flavor-changing coupling of the 
type W'id. We point out that the same coupling also leads to the scattering of a pair of fermions 
(e.g., dd) into W'^W'~ . Although such W could evade all current constraints with the particular 
choice of quark flavors, the Z' boson is subject to more severe direct search limits. Unitarity sets 
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an upper bound on its mass which we find to be less than about 7—8 TeV. The LHC is capable 
of probing such a Z' for most part of this mass window, as we show. We also note that unitarity 
restoration would imply significant destructive interference when each diagram contributing to a 
given process individually has a bad high energy behavior. Therefore, a large hierarchy between 
Wjj and Zjj cross sections can be achieved by consistently raising the mass of Z' which unitarizes 
the // — )■ W'~^W'~ process. This could be interesting for W models explaining the CDF Wjj event 
excess. For completeness, we also classify realistic models that contain the SM gauge symmetry 
and has a charged W gauge boson (in a more general sense) but no Z' gauge boson, and show how 
unitarity is preserved in this class of models. 



2 General framework 

We will focus on the class of processes in which a pair of fermions scatter into a pair of gauge 
bosons, /1/2 — )■ ^1^2) study its unitary properties at very high center-of-mass energy. As 
pointed out in Ref. [2], the asymptotic form of a four-particle amplitude A should not grow with 
energy. The general process is shown in Fig. 1. In the following we will consider tree-level process 
only. At very high energies, in a spontaneously broken gauge theory, due to the Goldstone boson 
equivalence theorem, the contributions to the scattering amplitude is dominated by the longitudinal 
components of the final state gauge bosons. 

At the tree-level, the processes above can happen through the following channels: a) t-channel 
fermion exchange, b) u-channel fermion f\ exchange, c) s-channel gauge boson A3 exchange, and 
d) s-channel scalar ip exchange. The corresponding topologies are shown in Fig. 2. 

We define the relevant couplings which will be used in our analysis. The couplings between 
gauge boson A'^ with two fermions fj, fk can be written in the general form as 

C = g'-^^fjJkl'P^RfjA,^ + h.c. (1) 

where Pl,r = (1 T 75)/2 are the chirality projection operators. The coupling between three gauge 
bosons Ai, A2 and ^3 can be written in the general gauge and Lorentz invariant form as 

^AiA2Ai = '>'9AiA2A3^AiA2A3 ) (2) 

with 

Cam; = - A'^A^) - {d,A,,){A^,A^ - A^,A^) + {d,A,,){AtA^, - A^A^,) . (3) 

The coupling between a scalar field if with fermions fj, fk can be written as 

C = y^^j^fkPhfifjV + h.c. . (4) 
The coupling between a scalar field 9? with two gauge bosons Aj* and A2 is written as 

C = v^gAiA2v^^AiA2,i ■ (5) 
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Figure 1: A pair of fermions scattering into a pair of gauge bosons. 




f, 





Figure 2: Different topologies of tlie scattering /1/2 — ?■ AIA2. All the internal particles must have 
masses not far above Max,A2^ otherwise their effects will decouple. 

Perturbative unitarity constraints are twofold. First, the coherent sum of all relevant amplitudes 
should be finite when the energy scale goes to infinity. Second, in the partial wave expansion [19], 
each finite partial wave of the amplitude should satisfy \aj\ < 1, where 



The first requirement implies sum rules among different couplings involved in the scattering process, 
while the second one leads to constraints on the masses of the states being exchanged in different 
channels. 

According to the initial state fermion helicity, the scattering can be divided into two classes. 
In the first class, the helicity of initial state fermions /i is opposite to that of /2 (or the same as 
f2)i which implies even number of fermion mass insertions in the process. We call this the helicity 
violating case, since the initial state has nonzero total helicity (A = 1) while the final state has 
A = 0. Such processes can involve t- and u-channels fermion exchange as well as s-channel gauge 
boson exchange. In this case, the amplitude can be expanded in terms of the center-of-mass energy 
squared s as 




(6) 




7l/2->^1^2 




Ais + Aq + A-is-^ + A-2S~'^ + ■■■ . 



(8) 



The finiteness of A[ P . . implies = and therefore a sum rule among the relevant couplines: 

X] ^^1/1/3^^2/3/2 ~^3Aifj23A2hf4 = XI ^^3/1/2^^1^2^3 , (9) 

h /4 A3 

There is a similar sum rule with L -H- -R in the couplings in Eq. (9), which arises from •^^j^fJ^AiA2' 
If these conditions are not satisfied, the partial wave amplitude would increase with energy, and 
one should expect new states to appear with the proper couplings around the scale A with 



A = Min<',/^ — , foraiui . (10) 

^^'/_V(cOS^)d(o(^Ml,A J 

When the rum rule Eq. (9) is satisfied, Ai = 0, and the theory can remain perturbative. The finite 
amplitude at very high energy can be written as 

fa 

^ J. J COtj^ ~ ^ / \ f CSC^ ~ 

+ E</i/35a./3/. 2MaIma, ' sine - ^ (dMhhdtfsh'^h + 9Mhh9Mhh'^h ) ^M^M^ ''''^ 

fa fa 

^ r T Ml + Ml -kiml + ml ) - ml sec^ I, 
+ 2^9A,uh9A,nh 2MaMa, 

ED o ^fi^^fo t^Il n . V — ^ f T n R T \ ^^^^ 9 . ^ 

9A,fJ,9A,M. 2MaMa '^^^ + [9A,fJs9A.M-,rnf, + dA^M^gAM.'^h ) ^^a Ma 

fa ^ ^ fa 12 

+ V g4 f f 9 A, A,A, ' ' ^""^^ ^ ""^^ K m9 + Y g4 f f 9 A, A,A, ""^^ ""^^ sin g. (0 ^ 0, vr) . (11) 
^ Z^^A^fif^^A^A^A, 2Ma,Ma, '^^'^^■f^f^^^^^2MA,MA. ■ y ^ ^ ' y ' 

A3 A3 

A similar expression for the finite amplitude holds for -^/^/j^^^yij ^^^^ replacement L -H- i? in 
in the couplings in Eq. (11). Demanding the partial waves of Aq to satisfy unitarity, one can obtain 
an upper bound on the masses of the various particles involved in the scattering process. 

The singularities at ^ = 0, vr in Eq. (11) are not physical. They simply reflect the breakdown 
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of the expansion in term of ^^-^^'^^^^ in the t-channel amplitude. The 6 integral in Eq. (6) can be 
performed — 1 + e to 1 — e. Here e can be taken infinitesimal because for any 6, one can always find 
sufficiently large s such that the above expansion is valid. In fact, all of the partial wave amplitudes 
above are finite, so are the total cross sections. As we noted already, the total helicities of initial 
and final states differ by one unit. Therefore, in the massless fermion limit the scattering must 
happen in the p-wave, i.e., there is an additional angular factor sin^ which removes any singularity 
in the partial wave expansion. 

The second class of scattering involves fi and /2 (/2) with the same (opposite) helicity. We 
call it the helicity conserving case because both initial and final states have vanishing total helicity. 
In this case, there must be odd number of mass insertions along the fermion line. In this helicity 
conserving case, the amplitude can be expanded in terms of "half-integer" powers of s, 

A['J^ , . = Ais'2+A is'^+A 3S"5H . (12) 

/1/2— S>AiA2 2 2 'I ^ ' 
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The Feynman diagrams generally include t- and u-channels fermion exchange and s-channel scalar 
boson exchange and vanishing Ai implies a sum rule 

/s /a fs 

ER T \ ^ /? /? • 2 ^ \ ^ T T • 2 ^ ^ X ^ T R 



A2A3 



9A,M,^h cos 



M\ - ML 



- Mi 



9A,fJ.^h icos0+ ^ 



= . 



(13) 



There is a similar one as Eq. (13) with L R arising from A. . . , 
(13) in a simpler form by using Eq. (9), 



. One can also rewrite Eq. 



/s /4 fl fi 



E 



VipgAiAivU^f^f, 



I2 ' oE^^i^s^a 



, , Ml-Ml \ ^ ( Ml-Ml 

9A,fJ,^h 1 + ^2 + 9A,M.^h 1 - 



Ml. 



If the sum rule Eq. (13) is not satisfied, A}_ 7^ 0, relevant new states must appear below the 
scale 



A = Min 



327r 



j\d{cose)di,{e)A. 



for all J 



(15) 



When the rum rule Eq. (13) is satisfied, Ai = 0. All the remaining terms go to zero at infinite 
energy. Therefore, when discussing finite amplitudes at high energy below, we will only talk about 
the chirality preserving cases, which has the general asymptotic form given Eq. (11). 

For practical purposes, we also present the sum rules Eqs. (9) and (13) in the limit of massless 
initial state fermions /i, f2- In this case, one does not have to distinguish between helicity and 
chirahty eigenstates and the sum rules simplify to 



EL L 
^AifJadA 

h 



2/3/2 



X^5'Ai/4/25'A2/i/4 ~ XI ^^3/1/2^^1^2^3 



A3 



and 



/3 /4 f 

Meanwhile, the finite amplitude Eq. (11) also simplifies to 



(16) 



(17) 



EL L 
dA^J^yA; 



Ml + Mi -mi csc^ 



2/3/2 2Ma,Ma2 



sme + J29AM-A2hJ 



M\^ + AfL - mi sec^ 



/4 



2Ma,Ma^ 



E 5^3/1/25^1 



Ml 



(18) 



Before closing this section, we illustrate how the above sum rules work in two explicit examples 
where unitarity has been well established. 



6 



2.1 Application to standard model 

The first example is the SM. We consider amplitudes for massless quark- ant iquark scattering into 
gauge bosons. The final gauge bosons include 7, Z and . The scattering of qq — )■ 77, 7Z, ZZ 
occurs through q exchange in both t-, u-channels, and without chirality flip. Since all coupling in t- 
and u-channels are identical, the sum rule Eq. (16) is satisfied. The scattering ui^di^ — )■ ZW~^ ,'jW~^ 
can occur through t-channel di exchange, u-channel ul exchange and s-channel W~^* exchange. The 
sum rule is realized since ^3^^ [{T3L - Qsm'^6w)u - {T3L - Q sin^ 6'^^)^] = ^gcos6w Finally, 
the scattering qq — )■ W^W~ occurs through t-channel q exchange and s-channel 7, Z exchange. The 
sum rule is realized as g^iT^Llq = ^^fg^ {T^l — Q sin^ Ow)q 9 cos 9 + e^Qg. 

2.2 Application to seesaw models of neutrino mass 

The second application we discuss is the seesaw models for neutrino mass. We will consider the 
lepton number violating process e~e~ — > W~W~ , which ought to be proportional to the Majorana 
mass [21]. Thus it belongs to the class of scatterings with chirality flip, i.e., it has the general form 
of Eq. (12). If neutrino Majorana mass is the only source of lepton number violation, the process 
can occur through t-channel or u-channel neutrino exchange, with a Majorana mass insertion. 
However, as shown in the sum rule Eq. (13), in this case the t- and u-channel amplitudes have the 
same sign, thus no cancellation occurs among the two. In this case, the asymptotic form of the 
scattering amplitude would increase with energy A^''\e~e-^ W-W-) ~ 2g'^m^y/^/ Mir- Using 
Eq. (15), unitarity tells us high scale physics for neutrino mass generation must appear below the 
scale A < IQirMy^ / [g'^my) ~ 10^^ GeV [21]. In fact, gauge invariant Majorana neutrino masses in 
the minimal SM must arise from the Weinberg operator (Lif)^/A. With this operator, there is also 
an s-channel SM Higgs boson exchange contribution to the scattering, which restores unitarity. 

Next, we show how unitarity is restored in three types of seesaw theories. In type I and type III 
seesaw models, neutrino masses arise from the mixing of the light neutrino with a heavy Majorana 
fermion A^. The mixing angle is ^ = ^J\my/mI^\. Because of this mixing, when scattering energy 
is higher than these heavy fermion mass, it also contributes to the above lepton number violating 
process. The corresponding amplitude is A^^\e~e~ — )■ W~W~) ~ 2g^^m]^^jM'^. The type I 
seesaw mass formula niv = —^"^rriN contains a minus sign which facilitates the cancellation with t- 
and u-channel contributions and restores unitarity. On the other hand, in the case of type II seesaw, 
neutrino mass arises from coupling of the light neutrino to the VEV of a complex Higgs triplet, rrii, = 
yA^A- Due to gauge invariance, the above scattering can also happen through s-channel exchange 
of doubly-charged component from the Higgs triplet, ^(^^(e^e^ — )■ W~W~) ~ —2yAg'^VA\/s/M^r, 
which also exactly cancels the t- and u-channel contributions. 

Now that we have verified the validity of the general sum rules in two known cases, we turn to 
theoretical constraints for standard model extensions with additional W'"^ gauge boson. 
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3 Unitarity constraints on general W models 



In this section we consider simple extensions of the standard model with an additional W gauge 
boson which couples to SM fermions. We focus on the scattering amplitudes for fermions to gauge 
bosons. In particular, we point out that generically a Z' gauge boson also has to be present in 
order to preserve perturbative unitarity of all the amplitudes. The coupling of Z' to the fermions 
are fixed by the sum rules with its mass bounded from above, as we shall see. 

We start by considering the scattering /i/i — )■ W'^W'~ , where W is assumed to possess the 
interaction g'fif3W'~^ +h.c. with /i, being standard model fermions with electric charges Qfi = 
Qfg + 1. With this coupling, such processes can take place through t-channel /2 exchange. This 
amplitude itself would violate unitarity at high energy. One possible solution, according to the 
sum rule, is to introduce corresponding u-channel process. In order to preserve electric charge, the 
new fermion /4 to be exchanged in the u-channel process must have electric charge Qf^ = Qf-^ + 1 
and an identical coupling strength in g'f4,fiW'~^ + h.c. However, in this case one can also consider 
the scattering 74/4 — )■ W'^W'~ and new fermion with higher electromagnetic charge must also be 
introduced. Therefore, unless we introduce infinite chain of fermions whose electric charge differ by 
one unit, unitarity cannot be restored.^ 

Therefore, in order to find a finite solution, one must rely on s-channel processes. In fact, there 
could be ■yW'W and ZW'W couplings which also contribute to the above process. We shall see that 
such couplings are fixed by considering various gauge boson final states and additional s-channel Z' 
contribution is generally necessary. 

In the following, we also take into account possible deviations from theoretical predictions of SM 
couplings, due to possible W — W and Z — Z' mixings. We do not include possible small deviations 
from the SM in Wff coupling due to the precise measurement of and Mw, or deviations in 
7//) "^WW couplings which have their forms guaranteed by electromagnetic gauge invariance. We 
parametrize the ZWW and Zff couphngs as follows. 

gzww = (1 + Si)g cos 9w, 

9zff = [(1 + S2)T3L - (1 + S3)Q sin' 9w + 5^f] • (19) 

cos uy/ 

Here ^4/ parametrizes the deviation of Z coupling to RH fermions, due to Z — Z' mixing. We will 
present our results to leading order in the small parameters 5j, which are allowed to be at most 
5% [22]. 

^The above argument is based on the assumption where the fermions /i, /2 and /a are aU SM fermions, which is 
the case in the conventional W models. We will show that the infinite tower of particles can be avoided in generalized 
models in Section 5 . 
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3.1 General left-handed W 



We first consider the case where W couples to left-handed SM quark doublets, in a way similar to 
the VT-boson: 

(20) 



9' 



C = -^uYPLdW'+ + h.c. . 
v2 

We will also include a Z' gauge boson and consider all possible couplings among gauge bosons as well 
as general couplings of the Z' to SM fermions. We show the relevance of Z' due to its non-vanishing 
couplings demanded by the sum rules. Throughout the paper, we do not consider the coupling of 
W to leptons and assume the gauge anomalies are canceled by heavy fermion spectators [23], when 
embedded in a complete theory. 

The processes we consider are summarized in Table 1. A crucial point to note is, there are 
enough sum rules to solve for all the unknown couplings of Z' . We summarize them here, taking 
into account the leading order 6i corrections. 



Qz'ww = —{-Si-S2) + 0{6f), gzww = ^{^2 sec 9w - Si cos 9w) + O {6^ 
9 9 



gzw'w = gcos6w + 0{6i), gz'ww = 9 + 0{6i), gz'ww 
9z'qq = g'T^L + 0{5i), 



9" - 9' 



9' 



+ 0{5i) 



(21) 



Process 


Exchanged particle 


Sum rule 


ulUl W+W- 


t-channel d quark 
s- channel 7, Z, Z' 


gz'ww = 0{5i) 


ULdL ^W+Z 


t-channel d quark 
u- channel u quark 
s- channel W, W 


gzww = 0{6i) 


uidL W'+Z 


t-channel d quark 
u- channel u quark 
s- channel W, W 


9zw'w' = gcosOw + 0{5i) 


ULdi W+Z' 


t-channel d quark 
u- channel u quark 
s- channel W, W 


9' 9z'ww' = 9 {9z'uLUL - 9z'dLdL) 


ULdL W'+Z' 


t-channel d quark 
u- channel u quark 
s- channel W, W 


9 9z'ww' + 9' 9z'W'W' 

= 9'{9z'uLUL - 9z'dLdL) + 0{6i) 


qq W'+W'~ 


t-channel quark if LH q 
s- channel 7, Z, Z' 


cofdw Q sm^ 9w) gzww 
+9z'uLUL 9z'w'w' + e^Q = g'^TsL + 0{6,) 



Table 1: Processes considered and sum rules, in the case of W with couplings to left-handed 
fermions. Here (Jl = {ql), etc. Solutions to the sum rules are given in Eq. (21). 
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along with ^3 ^ —61 and ~ 0, in order to balance the coefficients of T^l, Q and in the sum 
rules. These structures are the common predictions of left-handed W models. Recall that 6i < 5%, 
thus gzww and gz'ww are only tiny couplings, arising from W—W and/or Z—Z' mixings. 

Since the Z' must possess non-zero couplings to fermions and other gauge bosons, it cannot be 
simply decoupled from a consistent theory. We would like to emphasize that when the VT'-fermion 
coupling g' is given, the Z'-fermion coupling is fixed automatically. The W'j^ model studied in 
Ref. [24] is one of the incarnations of this generic structure. In particular, the model starts from 
SU{2)i X 311(2)2 X f/(l)y where the two S'f/(2)'s break down to the diagonal subgroup which is 
identified as the SM SU{2)l. The SM fermion doublets are charged only under the ffist SU{2). 
After this stage of symmetry breaking, the W , Z' couplings to fermions has a strength given by 



gfT^i/ \/ g\ + fl'l) where g^^i are gauge couplings corresponding to S'f/(2)i and S'f/(2)2, respectively. 

Next, we proceed to calculate the finite amplitude at very high energy, given the above sum 
rules. We are interested in finding the upper bound on the Z' mass scale required by perturbative 
unitarity. Among the above processes, the most important one is qq — ?■ W'~^W'~ . Using the general 
formula Eq. (11), we get 



g T^iL - 2 - g^T^L^- + g^- {Tzl-Q sm^ Ow) 



sin^ . (22) 



Here we neglect all the quark masses. In this case, the amplitude is a pure p-wave. The partial 
wave amplitude can be calculated with Eq. (6). 

As an example, we consider the initial quarks being ul and ul and the fermion being exchanged 
in the t-channel being the d quark. Demanding the partial wave 1 0^=1 1 < -'-) allowed regions in 
the g' — Mz> parameter space for different W masses equal to 150, 500 and 800 GeV are shown in 
the left panel of Fig. 3. 

The ffist point we note from the plot is the upper bound on Z' mass is most stringent for very 
large coupling g' . This will be important in obtaining the Z' mass bound in top quark asymmetry 
models studied in the next section. 

There is also a possibility g' = g where one can have the Z' much heavier than the W. This 
can be understood because in this case W couples exactly in the same way as the SM W boson, 
and the SM itself is a consistent theory from the unitarity point of view. Perturbative unitarity of 
the finite part of ULdi — ^ W'^Z' and mlJl — ^ W^Z' still gives a finite but very mild upper bound 

M.<M,„{^.M^}. (23, 
3.2 Comment on CDF Wjj event excess 

It has been argued that the CDF Wjj excess can be explained via the associated production of W 
and extra gauge bosons, such as pp — > W^W'^ — )■ W^jj, with Mw' ~ 150 GeV and a relatively 
small g' < g. The W needs to be left-handed in order to avoid chiral suppression and to give 
large enough cross section ~4pb~^. In the W']^ model, unitarity implies that there is a destructive 
interference between t-channel quark exchange and s-channel Z' exchange. Here we point out that 
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Mz (TeV) Mz (TeV) 

Figure 3: Colored regions are allowed in the g' — Mz' parameter space for Mw' = 150 GeV (green), 
500 GeV (red) and 800 GeV (blue). Left panel: left-handed W case; Right panel: right-handed W 
case. In the right panel, the red points represent the central values of {g', My/i) for explaining the 
top quark asymmetry where W couples to t, d, to be discussed in the next section. In such models, 
the upper bound on Z' mass is only a few TeV. 

for the model presented in Ref. [17] to be complete, there must exist some other resonances at low 
energy, or the Z' couphng should be modified. 

From Fig. 3, we learn that the appearance of Z' can be postponed up to 4 — 5 TeV for g' < 0.5. 
If Z' mass is close to this upper bound, one can achieve a large hierarchy between the cross sections 
a{pp — )■ PF^iy"'^) and a{pp — )■ ZW'^). The latter process does not show any excess as reported by 
the CDF collaboration. It happens through t- and u-channel quark exchange as well as s-channel 
W exchange. Since here the W mass is fixed, the destructive interference for ZW associated 
production is much more significant, which leads to a much smaller cross section. In fact, we find 
for the parameters M^yi = 150 GeV, g' = 0.3, and a heavy Z' inaccessible at the Tevatron energy, 
the leading-order cross sections calculated using MadGraph [25] to be 

a{pp -> W^W'^) ^ 3.7pb, a{pp ZW'^) ^ 0.14 pb , (24) 

while the two cross sections are similar for Mz' ~ Mw'- Alternatively, since the CDF analysis does 
not veto the possibility of Wjj being reconstructed into a resonance, one can obtain a large ratio 
a{pp — )■ W^W'^)/a{pp — )■ ZW'^) by taking a relatively light Z' with appropriate couplings, which 
can be produced on shell and decays into W and W. 
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3.3 General right-handed W 



Following similar procedure as in the case of left-handed W, we now study W with the right-handed 
couplings: 



C 



9^ 
V2 



u-i^PRdW'^ + h.c. 



(25) 



We consider various processes and obtain the sum rules, as summarized in Table 2. 



Process 


Exchange particle 


Sum rules 


ulUl W+W- 


t-channel d quark 
s-channel 7, Z, Z' 


gz'ww = 0{5i) 


hdHd — ^ W+Z 


PI TiTipl T/TX' 


Qzww — 


Uf^df. W'+Z 


t-channel d quark 
u- channel u quark 
s-channel W 




uidL W+Z' 


t-channel d quark 
u- channel u quark 
s-channel W 




URdR ^ W+Z' 


s-channel W 


9z'ww' = 


URdR ^ W'+Z' 


t-channel d quark 
u- channel u quark 
s-channel W 


g' {dZ'uRUn - dz'dndj = 9' gz'W'W + 0{5i) 


qq W'+W'- 


t-channel quark if RH q 
s-channel 7, Z, Z' 


cosOw ^^^^ ^ ^^^1 9ZW'W' 

gz'qq gZ'W'W + e^Qq = 9'"^^ + 0{5i) 



Table 2: Processes considered and sum rules, in the right-handed W case. Solutions to this set of 
sum rules are given in Eq. (26). 



Again, all the relevant couplings can be solved with the listed sum rules. 
9z'ww = 



^g'"^ — tan^ 6 



w 



9zw'W' 

9Z'qq 



-9- 



tan^ 6w 
w 



-6i - 62) + 0{6i ), gzww = 9z' 



WW 



0, 



sin^^ 



cos 9w 

g'X + 9'^^^'0w{T3L-Q) 



+ 0{6i), gz'w'W = W - 9^ tan2 9w + 0{6i), 
+ 0{5,) . 



(26) 



Here, T^^ 



and 



V 9''^ - 9'^ tan^ Qw 

T^^ = 1/2. The left-right symmetric model is a well-known example 
for this scenario, where right-handed quarks form doublets and is identified as T^r. The gz'qq 
coupling derived here from unitarity agrees with that given in Ref. [26]. 

The sum rules also imply the following relations among the small parameters, in the right- 
handed W case: 62 — 63 sin^ 9w + cos^ 9]y = and ^4(7^ tan^ 9]^ = {61 + S2)g''^, where we defined 

4q 



Sin = S4,T' 
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We point out an interesting difference between right-handed and left-handed W models. The 
gz'ww coupling is vanishing in the former case but is nonzero in the latter case. There is thus a 
possibility to distinguish the two class of models by studying Z' — )• W^W'^ process. 

Next, we calculate the finite part of qq — )■ W'^W'~ amplitude at very high energy, when the 
above sum rules are satisfied. Using the general formula Eq. (11), we get 



^0 



2 ^ 



+ 



tan^ OwiTsL 



smt 



Q) 



9 s Ml 
^^^^ '-^^ 



sm( 



(27) 



Again we neglect the masses of quarks being exchanged in the t-channel, in which case the amplitude 



is pure p-wave. Demanding the partial wave 



j=i| 



< 1, we find the allowed region in g' — Mz' 



parameter space for different W masses equal to 150, 500 and 800 GeV as shown in the right panel 
of Fig. 3. We have considered unitarity of both ur^uji) W'^W'~ and dn^dji) W'^W'~ . 



3.4 Fermion mass limits from unitarity 

In many extensions of the SM, the presence of a W and a Z' are often accompanied by exotic 
fermions. These exotic fermions typically interact with SM fermion though the W . A well known 
example is the left-right symmetric model in which W couples to the right-handed neutrino N^. 
and the right-handed electron. In the alternate left-right model [27], which has the same gauge 
structure as the left-right model but has an extended fermion sector from embedding, the W 
couples to the right-handed up-quark and an exotic down-quark (i^. The unitarity argument can 
be used to derive upper limits on the masses of these exotic fermions and c?'^ as we now discuss. 
While there are other processes, such as // f f mediated by gauge bosons, which may provide 
better limits on the fermion masses, here we use the sum rules of Eq. (11) with L ^ R interchange 
to derive limits, which are nontrivial. 

Let us consider // — )■ W'^W'~ process with / being the right-handed electron (right-handed 
up-quark) in the LR model (alternate LR model). Since the internal t-channel fermion is heavy, 
the finite part of the amplitude given in Eq. (27) should be altered to 



1 „ , [Ml, \ , . ^ ^ Ml ^ . Ml, \ 



,o , f / CSC Q 



2M2 



sin^, (28) 



where m^i is the internal fermion mass. For our numerical estimate we take g' = g, which is 
justified if parity is a good symmetry. In the minimal version of the models being considered (LR 
or alternative LR), there exist W — Z' mass relations given by 

f in LR model 

— ^ = a, with a = { (29) 

^21^ in alternate LR model 
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Because this mass ratio is fixed, unitarity requirement would give an upper limit on m^/ at very 
large My^i. Thus, one can neglect the Mz/Mwi terms in Eq. (28). By requiring the partial wave 
amplitude \a\\ < 1, we get the limit 



m), < 



By substituting Tg 



1/2, Qe ^ 



967r ^^^2(2-a2)T} + a2Q^tan2 Ow 



T 



T' 



(30) 



1 for cr and T' =1/2, = 2/3 for ur, we obtain 



rriNj, < l8.33Mw' and m^' <18.35Mi 



w 



(31) 



4 Implications of unitarity on W models for top quark 
forward-backward asymmetry 

The top quark forward-backward asymmetry has been measured by both DO and CDF collabora- 
tions [15, 16] and shows more than 3a deviation from the SM prediction in the high tt invariant 
mass frame [28] . Meanwhile, the measurement of top pair production cross section agrees with SM 
within 1 a. There have been extensive studies of new physics scenarios to explain the asymmetry, 
amongst which t-channel new gauge boson exchanges seem to be popular [13,30]. It induces a 
large forward-backward asymmetry thanks to the Rutherford singularity [31] and leads to small 
modification to the top quark production cross section. While the Z' boson exchange also predicts 
large same-sign top quark production, in its minimal realization this explanation would appear 
to be in contradiction with LHC results [32-35]. The W models are free from such constraints 
and remain as a valid explanation. In this section we will apply the consideration of perturbative 
unitarity developed here to the W models for top asymmetry, and study the phenomenological 
consequences. 



4.1 Left-handed W 

We first study the following couplings of W gauge boson to left-handed quarks. 

£ = ^tYPLdW;;' + l=uYPLbW'^^ + h.c. . (32) 

If we neglect for simplicity any mixing between SM quarks with heavy exotic quarks, then g" = g' 
due to SU{2)l gauge invariance. With the flavor changing coupling in the first term, the top quark 
pair production dd — )■ ti receives t-channel W contribution, which enhances the forward-backward 
asymmetry. We note that the same coupling also leads to dd — > W'^W'~ though t-channel top 
quark exchange. Hence the perturbative unitarity constraints discussed in the previous sections 
would apply here. We will show that in addition to the sum rules obtained in Eq. (21), there are 
further constraints due to the fiavor changing nature of the W coupling. 
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We first consider the ml^l — > W~^W'~ , dJiL W^W'~ scattering and their charge conjugate 
processes. With the above couphng, these processes can only happen in t-channel or u-channel, 
unless there are fiavor-changing Z' couplings to quarks (which are highly constrained). The sum 
rule for this process can be written as gz'wwQz'uLti^ = ~9z'ww'9z'dJ)L ~ 99' 1'^- The same fiavor- 
changing Z' coupling will also unitarize the behavior of tiui W~W'^ and hidb — ^ W~W'^ 
scatterings, as long as the second term of Eq. (32) is present. 

Next, we consider the process uidi — )■ W'^Z'. In this model, it can occur not only through s- 
channel exchange, but also through t-channel bi and u-channel exchange. The corresponding 
sum rule is g 9z'ww' = 9' {.9z'uLtL ~^ 9z'dLbi^)- Together with the sum rules obtained in the previous 
paragraph, we find 9z'uLtL = 9z'dLbL ~ ~9/'^ ^^'^ 9z'ww' = 9' ■ On the other hand, one can 
also consider the process t^dL — )■ W^Z' occurring through s-channel W'^ and t-channel and u- 
channel ul exchanges, which leads to g' gz'ww = 9 {9z'uLtL - 9z'dJ>L)^ and in turn gz'ujL = 5'V2, 
9z'dJ)L — ~5'V2, 9z'ww' = 9- The two solutions for fiavor-changing Z f f couplings can be valid 
only ii 9 = g', i.e., unitarity demands such left-handed W must possess the same couplings as the 
SM W. 

Combining the above results with Eq. (21), we get 

9zww' = 9z'w'W' = 9z'ww = 0, gzww = gcosOw , 

9z'ww' = 9, 9z'qq = 0, gz'ujL = ~9z'dLbL ^ 2^ ^ 2^' ' ^^^^ 
With W'td coupling g' = g, we must have a light W with mass below 200 GeV in order to fit 
the top quark asymmetry. Such a mass and coupling seem to be favored by a recent analysis [36]. 
Furthermore, one can write down the leading order CKM matrix analog for W coupling to different 
flavors of quarks: 

/ 1 \ 



v 



(34) 



1 

VI 0/ 

There are severe phenomenological constraints on such models of W with an accompanying Z'. 
First, since the Z' mediates flavor- changing neutral current at tree level, the coupling gz'djii^ would 
lead to large Bd — Bd mixing amplitude. This would imply that the Z' must be heavier than about 
100 TeV [37]. As discussed in Fig. 3, such a heavy Z' is barely consistent with the upper bound 
from unitarity, even for the case of equal couplings g = g'. Second, it has been shown in Ref. [38] 
that W couplings to both td and ub would lead to much larger single top production cross section 
at the LHC than what has been observed. We conclude that in its minimal setup, the left-handed 
W scenario is less likely to be the explanation for top quark asymmetry. 

4.2 Right-handed W 

We next consider W gauge boson coupling to right-handed quarks: 

C = -^irPRdW'^^ + h.c. . (35) 
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0.1 0.2 



0.5 1.0 2.0 

Mz' (TeV) 




^ do 

5.0 10.0 20.0 



Figure 4: Perturbative unitarity and direct search limits on the Z' gauge boson in right-handed 
W models for top quark forward-backward asymmetry. We have also shown the contours for Z' 
production cross sections equal to 10 fb (purple) and 10 pb (orange), at 7 TeV (solid) and 14 TeV 
(dashed) LHC energy. The mass of W is also shown in accord with g' following the fit given in 
Ref. 



In this case, we find unitarity does not bring more constraints than those listed in Eq. (26). The 
scattering ut, dh — )■ W^W'~ involves a mass insertion, which according to the sum rule, has to be 
cancelled by s-channel ip exchange (The Z' coupling to quarks is still flavor diagonal and universal). 
Such a scalar also would lead to tree-level flavor-changing neutral currents and must be made heavy. 
This is similar to the problem of the neutral component from the Higgs bidoublet in conventional 
left-right symmetric models [39-41]. Assuming that this constraint is met, right-handed W can 
provide a viable explanation to the top quark asymmetry for a wide range of masses and couplings. 
In order to flt the top quark forward-backward asymmetry, g' has to be larger than the weak 
coupling (yf, which should increase with increasing M\y'- Perturbativity of g' < \/Ati thus implies an 
upper bound on My/i which is about 1 TeV. 

We see how unitarity has a strong impact on the W explanation of top quark asymmetry. First, 
unitarity gives an upper bound on the mass of Z' , which is only a few TeV when g' is large, as 
shown in Fig. 3. Second, the Z' coupling strength to fermions is related to that of W\ as shown 
in the right panel of Eq. (26). A large g' to explain the top asymmetry thus implies a strong Z' 
coupling to light quarks. Therefore, most of the allowed parameter space accommodating the Z' 
could be subject to searches at hadron colliders. In the model described in Ref. [14], the limits from 
UA2 and Tevatron [42,43] are shown to have set important constraints. In Fig. 4, we have included 
both constraints from unitarity and direct searches. We also demand the W to be heavier than the 
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top quark in order not to affect the top quarlc decay rate. 

There are basically two regions where right-handed W models can explain the top quark asym- 
mertry consistently. One region has a very light Z' which has not been well constrained. The other 
region has the Z' lying in the window between 1 to ~7TeV. The Tevatron bound quickly goes away 
for Mz' >TeV due to the kinematical limit. The LHC is expected to put important constraints 
on the heavy Z' window [44]. In Fig. 4, we also give the contours for production cross sections at 
7TeV and 14TeV LHC. Most of the high Z' mass window can be further probed with high enough 
luminosity. 

5 Perturbative unitarity in models without a Z' 

In the class of W models discussed in previous sections, a Z' gauge boson of comparable mass was 
found to be indispensable for restoring perturbative unitarity. For completeness, in this section we 
discuss an orthogonal class of W models where unitarization is realized without the need for a Z'. 
Here we interpret W in a more general sense, it will not be required to have electric charge ±1. It 
does couple with different types of fermions. If models without a Z' are to contain the SM gauge 
symmetry, the extended gauge structure must have rank 4, the same as the rank of the SM gauge 
group. Only a finite number of gauge groups have this property of being rank 4 and containing 
the SM gauge symmetry. They are: (i) 5[/(5); (ii) SU{3) x SU{2) x Sf/(2)'; (iii) SU{3) x ^f/(3); 
(iv) S'f/(4) X SU(2); (v) S0{9); (vi) Sp{8); (vii) F4. In fact, models based on these groups which 
contain the SM symmetry do not have the conventional W gauge boson with electric harge ±1, 
we shall allow for the charge to be arbitrary. Under this generalization, the necessity of new gauge 
boson exchange in the s-channel could be relaxed for different reasons as we illustrate in the two 
concrete examples below. 

5.1 Unitarity in SU{5) gauge theory 

Among the rank 4 gauge groups containing the SM, SU{5) is popular and has been well studied as 
a unified gauge symmetry. Because of baryon number violation that occurs in this theory, the new 
gauge bosons of SU{5), the X and Y, must be very heavy, of order 10^^ GeV or higher. Nevertheless, 
it is of theoretical interest to see how unitarity is preserved in processes such as // — )■ XX. Note 
that the general expressions we have derived based on unitarity would apply for such processes even 
though the X and Y gauge bosons are colored and fractionally charged. It is nontrivial to see the 
preservation of unitarity in the absence of a Z' boson in this model. 

The fermion-gauge boson interactions arise from the covariant derivative -C^// = —gip'j^A^'ijj + 
g Tr x7^(A^x + X^^)) where ijj and x stand for the left-handed fermion fields transforming as 5* 
and 10 respectively, and = A^^T^, T* are the SU{5) generators, with Tr (T^T^) = ^S^-' ■ More 
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explicitly, the above interaction can be written as 



^Aff 



9 

V2 



+ -\- J2^Uf) - Qf sin' ew)h'f Z, + eY, Qfh'fA, , (36) 
cos uw — — 



f f 



with tan 6*14^ = a/3/5. Here a,/3,7 are color indices, /i, are Lorentz indices, and a,b are SU{2) 
indices. The new gauge bosons transform as (3, 2, —5/6) under SU{3)c x SU (2) ^ x U{1)y, which 
is written as X^ = {Xa"^^^ ,Ya^^^). From the gauge kinetic term £kin = — Tr(F^j,F^'^)/2, one gets 
the trilinear gauge interactions: 



^gaugr'' = i9 COS 9wCw+w-z - i9 COS 9wCy*yz + ieCw+w-A + i^eCx'XA + i^'Cy^vA 



+ i-^CY*xw+ — '^-^^x*YW-, (37) 

where CA1A2A3 are defined in Eq. (3). The implementations of the sum rules of Eq. (9) for different 
processes in the SU{5) model are summarized in Table 3. For the scattering process /1/2 — )■ A1A2 
with Ai^2 = X, Y, one has to pay special attention to color contractions for each diagram. Take for 
example the uu — )■ YY*. Here, the scattering occurs through u-channel anti-down-quark exchange 
and s-channel Z exchange. The incoming particle can only be left-handed. The color weights are the 
same for both diagrams. The sum rule Eq. (9) implies {9Yudf — ~9zuv9y*yz- Since i9Yud) — 9/^ 
while gY*Yz = — 9 cos 9w and g^^^^ = g/{2cos9w), this sum rule is satisfied. A nontrivial color 
weight arises in the uu — ?• XX* process which occurs through t-channel anti-up quark exchange 
and s-channel photon exchange. Here both left-handed and right-handed initial quarks contribute. 
Since there is a color factor eap-y in the uuX vertex, there will be 6 possible color contractions for 
the t-channel while the s-channel will have 9 contractions. The sum rule, then, reads (for initial 
left-handed u) 6{g/V2)' = 9{QuQx*)g^ sin' 9w Since SU{5) gauge theory predicts sin^^vK = 3/8, 
again we find that the above sum rule is satisfied. Other processes are summarized in Table 3. We 
see that in this theory perturbative unitarity is preserved without the need for a Z' boson. 



5.2 Unitarity in SU{3)c X SU{2)l X 5t/(2)' model 

It is possible to embed the hypercharge Y of the SM consistently into an SU (2) symmetry, if one 
allows for exotic fermions. A consistent theory emerges with the following fermionic assignment 
under SUiZ)^ x SU{2)l x SU{2)'. 

gi(3,2,2), gi(3,l,l), Qh(3,1,5), ^l(1,2,4), V'ij(l, 1, 7) . (38) 

Hypercharge is obtained as Y/2 = T3/3 in this model. The field Ql contains left-handed quark 
doublet and two exotic quarks with charges opposite to the SM quarks: u'^ {Q = —2/3, T3 = —1/2) 
and d']^ {Q = 1/3, T3 = 1/2). The Qr field contains the SM right-handed quarks and dpt- In 
addition it has three exotic quarks: m'^ {Q = —2/3), c?'^ {Q = 1/3), and a neutral quark g^. The 
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Process 


Exchanged particle 


Couplings 


Color factor 


ly ly 7 1 1 


t-channel anti-down quark 




3 




s-channel Z 


gY*Yz = -g COS 6w 


3 


uu XX* 


t-channel anti-up quark 
s-channel ^ 


— — — -3- 

yx*uu ~ yx*uu ~ ^ 

yX*X'Y ■^y-yuu ^y^^uu 2, 


6 

9 




t-channel anti-up quark 


qL = — 2^ qR = g 

HY*du du 


6 


dd YY* 


u-channel anti-neutrino 


HYdv jYdu 


3 




s-channel 7, Z 


Qy*ya = 1, Qy*yz = —QcosOw 


9 




t-channel anti-up quark 


yx*uu = yY'du ~ 9Ydu — 


6 


ud ^ X*Y 


u-channel positron 


9xde — ~9Y*ue — 9Yue ~ ^ 


3 




s-channel 


9y*xw+ = 


9 



Table 3: Summary of /1/2 — )■ A1A2 with 2 = X,Y processes in the SU{5) theory. One sees that 
the sum rules - after accounting for the color factors - given by Eqs. (9) are satisfied. 



left-handed and right-handed leptons are contained in the ip^ and ipfi respectively. Here we focus 
on the quark sector. The quark-gauge boson interactions are given by 

/://gaugc = Tr QL^igA^QL + gQiA'^) + g'QnYA'^QR . (39) 
The identification of hypercharge leads to g' = gy with gy = gtanOw- Explicitly we have 



+ ^ tan^H- {un^d'n + dn^^u'^) + ^ [d'^l'ql + ^7^^/?) W'^ + h.c. 
+ ^7// + ^^//, (40) 

where C^jf and Czfj have the same form as in the SM. In this model the W'^ gauge boson carries 
-1-1/3 electric charge. The trilinear gauge interactions are given by 

Arilinear = l-Cw'+W'- A — i-^^^'^^W ^W'+W'- Z + W (^W ^W+W- A + i^^W+W- Z , (41) 

where £^^^2^3 is in the form of Eq. (3). 

In order to see how unitarity is preserved here, we study uu — > W'^W'~ scattering. This 
process occurs through t-channel d' exchange, s-channel photon exchange, and s-channel Z ex- 
change. If the incoming u quark is left-handed (in the massless limit), the sum rule Eq. (9) 
reads (fi'^z+^j^-)^ = 5'^(QnQvK'+) sin^ 6^14/ — g"^ tan^ 9w (l/2 — QuSin^ 9]y) /3, which is satisfied since 
9w'+ud' ~ fi'tan6't^/(3v^). If the incoming u-quark is right-handed, the sum rule gives (s'^z+^j/)^ = 
9'^{QuQw'+) sin^ Ow + 9^ tan^ 9w {Qu sin^ 0]y^ which is satisfied since 9^,+^j, = (^v^tan 6'vi//3, from 
Eq. (40). 
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Process 


Exchanged particle 


Couplings 


uu W'+W'~ 


t-channel d! 


3w'+ud' = '^9w'+ud' = ^ 




s- channel 7, Z 


Qw'+w'-z = — ^ tan 6\Y 


uu' W^W'+ 


t-channel d 
u- channel d' 


9w+ud = 9w'+du' = V2 ^^^^VK, = 




t-channel u 


fi'^'+«<J' = "^dw'+ud' = ^ 


ud' ZW'+ 


u- channel d' 


5'^'+«<J' = "^dw'+ud' = ^ ^^'^ 




s-channel W'^ 


9zd'd' = Je^X\ \^iv?ew) 



Table 4: Summary of /1/2 — )■ processes in the SU{?>)c x SU{2)l x SU{2)' theory. One sees 

that the sum rules given by Eqs. (9) are satisfied. In this model the W'^ carries +1/3 electric 
charge. 



We summarize the /1/2 — )■ A1A2 processes in Table 4. In this model, the problem with infinite 
chain of fermions described in the beginning of Sec. 3 is evaded because W boson here always 
couples to a SM fermion and an exotic fermion. Therefore a closed loop can be formed in a moose- 
like diagram. 

6 Conclusion 

In this paper, we have studied perturbative unitarity constraints on general W models arising from 
fermion scattering into final state gauge bosons. The requirement of unitarity enables us to derive 
one set of sum rules for the couplings, and a second set of sum rules for the mass scales of various 
particles involved in the scattering process. We have investigated implications of these constraints 
on hadron collider physics. In most models, a Z' gauge boson is required to accompany the W in 
order to unitarize the theory. Unitarity fixes uniquely all couplings of the Z' to the SM fermions 
and gauge bosons. The finite sum rule enables us to derive upper limit on the Z' gauge boson mass, 
which we find typically to be not much above the W mass. We applied these results to a class of W 
models that have been proposed to explain the anomalous ti asymmetry reported by the Tevatron 
experimnents. In these models, the Z' mass is found to lie below (7 — 8) TeV. The allowed Z' mass 
window has already been tightly constrained by hadron collider experiments below a TeV. The LHC 
can probe higher mass regions all the way up to the unitarity limit and could thus falsify this class 
of models. We have observed an interesting role unitarity may play in the context of W models in 
explaining the Wjj event excess reported by the CDF collaboration. By making the Z' relatively 
heavy, but consistent with the unitarity limit, it is possible to generate the needed cross section 
for pp — )■ W^W'^ with the W'^ decaying into two jets, while suppressing new contributions to the 
Zjj cross section. In the last section, we have developed models with an extended gauge symmetry 
that has rank 4, thus having extra gauge boson, but not a neutral Z' . We have classified the finite 
set of possibilities in this class. By studying two concrete examples, we have shown how unitarity 
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is preserved in this class of models without a Z' . Hopefully the model-independent constraints 
derived here from unitatiry would find use in W model building and its experimental tests. 
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